We propose a general maximum likelihood empirical Bayes (GM-LEB) method for the estimation of a mean vector based on observations with i.i.d. normal errors. We prove that under mild moment conditions on the unknown means, the average mean squared error (MSE) of the GMLEB is within an infinitesimal fraction of the minimum average MSE among all separable estimators which use a single deterministic estimating function on individual observations, provided that the risk is of greater order than (log n) 5 /n. We also prove that the GMLEB is uniformly approximately minimax in regular and weak ℓp balls when the order of the length-normalized norm of the unknown means is between (log n) κ 1 /n 1/(p∧2) and n/(log n) κ 2 . Simulation experiments demonstrate that the GMLEB outperforms the James-Stein and several state-of-the-art threshold estimators in a wide range of settings without much down side.
1. Introduction. This paper concerns the estimation of a vector with i.i.d. normal errors under the average squared loss. The problem, known as the compound estimation of normal means, has been considered as the canonical model or motivating example in the developments of empirical Bayes, admissibility, adaptive nonparametric regression, variable selection, multiple testing and many other areas in statistics. It also carries significant practical relevance in statistical applications since the observed data are often understood, represented or summarized as the sum of a signal vector and the white noise.
There are three main approaches in the compound estimation of normal means. The first one is general empirical Bayes (EB) [27, 30] , which assumes essentially no knowledge about the unknown means but still aims to attain the performance of the oracle separable estimator based on the knowledge of the empirical distribution of the unknowns. Here a separable estimator is one that uses a fixed deterministic function of the ith observation to estimate the ith mean. This greedy approach, also called nonparametric EB [26] , was proposed the earliest among the three, but it is also the least understood, in spite of [28, 29, 30, 36, 37, 38] . Efron [15] attributed this situation to the lack of applications with many unknowns before the information era and pointed out that "current scientific trends favor a greatly increased role for empirical Bayes methods" due to the prevalence of large, high-dimensional data and the rapid rise of computing power. The methodological and theoretical challenge, which we focus on in this paper, is to find the "best" general EB estimators and sort out the type and size of problems suitable for them.
The second approach, conceived with the celebrated Stein's proof of the inadmissibility of the optimal unbiased estimator and the introduction of the James-Stein estimator [22, 31] , is best understood through its parametric or linear EB interpretations [16, 17, 26] . The James-Stein estimator is minimax over the entire space of the unknown mean vector and well approximates the optimal linear separable estimator based on the oracular knowledge of the first two empirical moments of the unknown means. Thus, it achieves the general EB optimality when the empirical distribution of the unknown means are approximately normal. However, the James-Stein estimator does not perform well by design compared with the general EB when the minimum risk of linear separable estimators is far different from that of all separable estimators [36] . Still, what is the cost of being greedy with the general EB when the empirical distribution of the unknown means is indeed approximately normal?
The third approach focuses on unknown mean vectors which are sparse in the sense of having many (near) zeros. Such sparse vectors can be treated as members of small ℓ p balls with p < 2. Examples include the estimation of functions with unknown discontinuity or inhomogeneous smoothness across different parts of a domain in nonparametric regression or density problems [13] . For sparse means, the James-Stein or the oracle linear estimators could perform much worse than threshold estimators [12] . Many threshold methods have been proposed and proved to possess (near) optimality properties for sparse signals, including the universal [13] , SURE [14] , FDR [1, 2] , the generalized C p [3] and the parametric EB posterior median (EBThresh) [24] . These estimators can be viewed as approximations of the optimal candidate in certain families of separable threshold estimators, so that they do not perform well by design compared with the general EB when the minimum risk of separable threshold estimators is far different from that of all separable estimators [38] . Again, what is the cost of being greedy with the general EB when the unknown means are indeed very sparse?
Since general EB methods have to spend more "degrees of freedom" for nonparametric estimation of its oracle rule, compared with linear and threshold methods, the heart of the question is whether the gain by aiming at the smaller general EB benchmark risk is large enough to offset the additional cost of the nonparametric estimation.
We propose a general maximum likelihood EB (GMLEB) in which we first estimate the empirical distribution of the unknown means by the generalized maximum likelihood estimator (MLE) [25] and then plug the estimator into the oracle general EB rule. In other words, we treat the unknown means as i.i.d. variables with a completely unknown common "prior" distribution (for the purpose of deriving the GMLEB, whether the unknowns are actually deterministic or random), estimate the nominal prior with the generalized MLE, and then use the Bayes rule for the estimated prior. The basic idea was discussed in the last paragraph of [27] as a general way of deriving solutions to compound decision problems, although the notion of MLE was vague at that time without a parametric model and not much has been done since then about using the generalized MLE to estimate the nominal prior in compound estimation.
Our results affirm that by aiming at the minimum risk of all separable estimators, the greedier general EB approach realizes significant risk reduction over linear and threshold methods for a wide range of the unknown signal vectors for moderate and large samples, and this is especially so for the GMLEB. We prove that the risk of the GMLEB estimator is within an infinitesimal fraction of the general EB benchmark when the risk is of the order n −1 (log n) 5 or greater depending on the magnitude of the weak ℓ p norm of the unknown means, 0 < p ≤ ∞. Such adaptive ratio optimality is obtained through a general oracle inequality which also implies the adaptive minimaxity of the GMLEB over a broad collection of regular and weak ℓ p balls. This adaptive minimaxity result unifies and improves upon the adaptive minimaxity of threshold estimators for sparse means [1, 14, 24] and the Fourier general EB estimators for moderately sparse and dense means [38] . We demonstrate the superb risk performance of the GMLEB for moderate samples through simulation experiments, and describe algorithms to show its computational feasibility.
The paper is organized as follows. In Section 2, we highlight our results and formally introduce certain necessary terminologies and concepts. In Section 3 we provide upper bounds for the regret of a regularized Bayes rule using a predetermined and possibly misspecified prior. In Section 4 we prove an oracle inequality for the GMLEB, compared with the general EB benchmark risk. The consequences of this oracle inequality, including statements of our adaptive ratio optimality and adaptive minimaxity results in full strength, are also discussed in Section 4. In Section 5 we present more simulation results. Section 6 contains some discussion. Mathematical proofs of theorems, propositions and lemmas are given either right after their statements or in the Appendix.
2. Problem formulation and highlight of main results. Let X i be independent statistics with
under a probability measure P n,θ , where θ = (θ 1 , . . . , θ n ) is an unknown signal vector. Our problem is to estimate θ under the compound loss
for any given estimator θ = ( θ 1 , . . . , θ n ). Throughout this paper, the unknown means θ i are assumed to be deterministic as in the standard compound decision theory [27] . To avoid confusion, the Greek θ is used only with boldface as a deterministic mean vector θ in R n or with subscripts as elements of θ. A random mean is denoted by ξ as in (2.3) below. The estimation of i.i.d. random means is discussed in Section 6.3. We divide the section into seven subsections to describe (1) the general and restricted EB, (2) the GMLEB method, (3) the computation of the GMLEB, (4) some simulation results, (5) the adaptive ratio optimality of the GMLEB, (6) the adaptive minimaxity of the GMLEB in ℓ p balls and (7) minimax theory in ℓ p balls.
Throughout the paper, boldface letters denote vectors and matrices, for example, X = (X 1 , . . . , X n ), ϕ(x) = e −x 2 /2 / √ 2π denotes the standard normal density, L(y) = − log(2πy 2 ) denotes the inverse of y = ϕ(x) for positive x and y, x ∨ y = max(x, y), x ∧ y = min(x, y), x + = x ∨ 0 and a n ≍ b n means 0 < a n /b n + b n /a n = O(1). In a number of instances, log(x) should be viewed as log(x ∨ e). Univariate functions are applied to vectors per component. Thus, an estimator of θ is separable if it is of the form θ = t(X) = (t(X 1 ), . . . , t(X n )) with a predetermined Borel function t(·). In the vector notation, it is convenient to state (2.1) as X ∼ N (θ, I n ) with I n being the identity matrix in R n .
2.1. Empirical Bayes. The compound estimation of a vector of determinist normal means is closely related to the Bayes estimation of a single random mean. In this Bayes problem, we estimate a univariate random parameter ξ based on a univariate Y such that
The prior distribution G = G n which naturally matches the unknown means {θ i , i ≤ n} in (2.1) is the empirical distribution
Here and in the sequel, subscripts n,θ indicate dependence of distribution or probability upon n and the unknown deterministic vector θ.
The fundamental theorem of compound decisions [27] in the context of the ℓ 2 loss asserts that the compound risk of a separable rule θ = t(X) under the probability P n,θ in the multivariate model (2.1) is identical to the MSE of the same rule ξ = t(Y ) under the prior (2.4) in the univariate model (2.3):
For any true or nominal priors G, denote the Bayes rule as
and the minimum Bayes risk as
where the minimum is taken over all Borel functions. It follows from (2.5) that among all separable rules, the compound risk is minimized by the Bayes rule with prior (2.4), resulting in the general EB benchmark
The general EB approach seeks procedures which approximate the Bayes rule t * Gn (X) or approximately achieve the risk benchmark R * (G n ) in (2.8). Given a class of functions D, the aim of the restricted EB is to attain
approximately. This provides EB interpretations for all the adaptive methods discussed in the Introduction, with D being the classes of all linear functions for the James-Stein estimator, all soft threshold functions for the SURE [14] , and all hard threshold functions for the generalized C p [3] or the FDR [1] . For the EBThresh [24] , D is the class of all posterior median functions t(y) = median(ξ|Y = y) under the probability P G in (2.3) for priors of the form (2.10) where ω 0 and τ are free and G 0 is given [e.g., dG 0 (u)/du = e −|u| /2].
Compared with linear and threshold methods, the general EB approach is greedier since it aims at the smaller benchmark risk:
This could still backfire when the regret
of using an estimator t n (·) of the general EB oracle rule t * Gn (·) is greater than the difference R D (G n ) − R * (G n ) in benchmarks, but our simulation and oracle inequalities prove that r n,θ ( t n ) = o(1)R * (G n ) uniformly for a wide range of the unknown vector θ and moderate/large samples.
Zhang [36] proposed a general EB method based on a Fourier infiniteorder smoothing kernel. The Fourier general EB estimator is asymptotically minimax over the entire parameter space and approximately reaches the general EB benchmark (2.8) uniformly for dense and moderately sparse signals, provided that the oracle Bayes risk is of the order n −1/2 (log n) 3/2 or greater [36] . Hybrid general EB estimators have been developed [38] to combine the features and optimality properties of the Fourier general EB and threshold estimators. Still, the performance of general EB methods is sometimes perceived as uncertain in moderate samples [24] . Indeed, the Fourier general EB requires selection of certain tuning parameters and its proven theoretical properties are not completely satisfying. This motivates our investigation.
2.2. The GMLEB. The GMLEB method replaces the unknown prior G n of the oracle rule t * Gn by its generalized MLE [25] G n = G n (·; X) = arg max (2.12) where G is the family of all distribution functions and f G is the density
of the normal location mixture by distribution G.
The estimator (2.12) is called the generalized MLE since the likelihood is used only as a vehicle to generate the estimator. The G here is used only as a nominal prior. In our adaptive ratio and minimax optimality theorems and oracle inequality, the GMLEB is evaluated under the measures P n,θ in (2.1) where the unknowns θ i are assumed to be deterministic parameters.
Since (2.12) is typically solved by iterative algorithms, we allow approximate solutions to be used. For definiteness and notation simplicity, the generalized MLE in the sequel is any solution of
GENERAL MAXIMUM LIKELIHOOD EB 7 with q n = (e √ 2π/n 2 ) ∧ 1, although the theoretical results in this paper all hold verbatim for less stringent (2.14) with 0 ≤ log(1/q n ) ≤ c 0 (log n) for any fixed constant c 0 . Formally, the GMLEB estimator is defined as
where t * G is the Bayes rule in (2.6) and G n is any approximate generalized MLE (2.14) for the nominal prior (2.4). Clearly, the GMLEB estimator (2.15) is completely nonparametric and does not require any restriction, regularization, bandwidth selection or other forms of tuning.
The GMLEB is location equivariant in the sense that
for all real c, where e = (1, . . . , 1) ∈ R n . This is due to the location equivariance of the generalized MLE: G n (x; X + ce) = G n (x − c; X). Compared with the Fourier general EB estimators [36, 38] , the GMLEB (2.15) is more appealing since the function t * Gn (x) of x enjoys all analytical properties of Bayes rules: monotonicity, infinite differentiability and more. However, the GMLEB is much harder to analyze than the Fourier general EB. We first address the computational issues in the next section.
2.3.
Computation of the GMLEB. It follows from the Carathéodory's theorem [9] that there exists a discrete solution of (2.12) with no more than n + 1 support points. A discrete approximate generalized MLE G n with m support points can be written as
where δ u is the probability distribution giving its entire mass to u. Given (2.17), the GMLEB estimator can be easily computed as
is the conditional expectation as in (2.6). Since the generalized MLE G n is completely nonparametric, the support points {u j , j ≤ m} and weights { w j , j ≤ m} in (2.17) are selected or computed solely to maximize the likelihood in (2.12). There are quite a few possible algorithms for solving (2.14), but all depend on iterative approximations. Due to the monotonicity of ϕ(t) in t 2 , the generalized MLE (2.12) puts all its mass in the interval I 0 = [min 1≤i≤n X i , max 1≤i≤n X i ]. Given a fine grid {u j } in I 0 , the EM-algorithm [11, 35] (2.19) optimizes the weights { w j }. In Section 6.2, we provide a conservative statistical criterion on {u j } and an EM-stopping rule to guarantee (2.14).
We took a simple approach in our simulation experiments. Given {X i , 1 ≤ i ≤ n} and with X 0 = 0, we chose the grid points {u j } as a set of multipliers of ε = max 0≤i<j≤n |X i − X j |/999 with u j = u j−1 + ε and the range
. This ensures u j 0 = 0 as a grid point and 999 ≤ m ≤ 1000. We ran 100 EM-iterations (2.19) in our simulations. We have tried to optimize both the support points {u j } and weights { w j } in the EM-algorithm, but gained limited improvements. The GMLEB estimator (2.18) depends slightly on the initialization of the EM-algorithm due to the nonuniqueness of the GMLEB estimator and the fixed number of EM-iterations in our implementation. Since the generalized MLE (2.12) is unique only up to the values of {f Gn (X i ), i ≤ n}, different EM-initializations lead to different versions of G n , which then result in different values of t * Gn (X i ) in (2.18). This nonuniqueness persists even when we run infinitely many EM-iterations. Nevertheless, our theoretical results hold for all versions of the GMLEB.
We consider two options in our simulation experiments. The first option initializes the weights with the uniform distribution w j = 1/m. The second option takes into consideration of the possible sparsity of the signal by putting a good starting mass at u j 0 = 0:
We estimate the proportion of zeros within the n means by a Fourier method,
as in [32, 33] , where ψ 0 is a density function with support [−1, 1] and h n = {κ(log n)} −1/2 is the bandwidth, κ ≤ 1. In our simulation experiments, the uniform [−1, 1] density is used as ψ 0 and κ = 1/2. To distinguish the two options of initializing the EM-algorithm, we reserve the name GMLEB for the uniform initialization and call (sparse-) S-GMLEB the estimator with the initialization (2.20) when we report simulation results.
2.4. Some simulation results. Johnstone and Silverman [24] reported results of an extensive simulation study of 18 threshold estimators, including eight options of their EBThresh, the SURE and adaptive SURE [14] , the FDR [1] at three levels, three block threshold methods [7, 8] and the soft and Table 1 Average total squared errors θ − θ 2 for n = 1000 unknown means in various binary models where θj is either 0 or µ with the number of nonzero θi = µ being 5, 50 or 500. The "Best" stands for the best simulation results in Table 1 hard threshold at the universal threshold level √ 2 log n. In their simulations, the overall best performer is the EBThresh using the posterior median for the prior (2.10) with the double exponential dG 0 (u)/du = e −|u| /2 and the MLE of (ω 0 , τ ).
In Table 1 , we display our simulation results under exactly the same setting as in [24] for nine estimators: the James-Stein, the EBThresh [24] using the double exponential dG 0 in (2.10) and the MLE of (ω 0 , τ ), the SURE [14] , the FDR [1] at levels q = 0.01 and q = 0.1, the GMLEB (2.15) with the uniform initialization, the S-GMLEB with the initialization (2.20), the F-GEB and HF-GEB as the Fourier general EB [36] and a hybrid [38] of its monotone version with the EBThresh. In each column, boldface entries denote the top three performers other than the hybrid estimator. We also display as "Best" the best of the simulation results in [24] over the 18 threshold estimators and as Oracle the average simulated risk of the oracle Bayes rule t * Gn in (2.8).
These simulation results can be summarized as follows. The average ℓ 2 loss of the S-GMLEB happens to be the smallest among the nine estimators, with the S-GMLEB and GMLEB clearly outperforming all other methods by large margins for dense and moderately sparse signals. For very sparse signals, the S-GMLEB, the EBThresh, the GMLEB and the FDR estimators yield comparable results, and they all outperform the Fourier general EB and James-Stein estimators. Compared with the oracle, the regrets of the S-GMLEB and GMLEB are nearly fixed constants. Since the oracle prior (2.4) has a point mass at 0 in all the models used to generate data in this simulation experiment, the S-GMLEB yields slightly better results than the GMLEB as expected. The hybrid estimator correctly switches to the EBThresh for very sparse signals.
These simulations and more presented in Section 5 demonstrate the computational affordability of the proposed GMLEB. The most surprising aspect of the results in Table 1 is the strong performance of the both versions of the GMLEB for the most sparse signals with 0.5% of θ i being nonzero, since the GMLEB is not specially designed to recover such signals (and threshold estimators are).
2.5.
Adaptive ratio optimality. Our theoretical results match well with the supreme performance of the GMLEB in our simulation experiments. We describe here the adaptive ratio optimality of the GMLEB and in the next section the adaptive minimaxity of the GMLEB in ℓ p balls.
The adaptive ratio optimality holds for an estimator θ : X → R n if its risk is uniformly within a fraction of the general EB benchmark
in certain classes Θ * n ⊂ R n of the unknown vector θ, where L n (·, ·) is the average squared loss (2.2), G n,θ = G n is the empirical distribution of the unknowns in (2.4) and R * (G n ) is the general EB benchmark risk (2.8) achieved by the oracle Bayes rule t * Gn (X).
with a deterministic θ ∈ R n . Let t * Gn (·) be the GMLEB in (2.15) with an approximate solution G n satisfying (2.14). Let G n = G n,θ and R * (G) be as in (2.4) and (2.7). Then,
for the compound loss (2.2), provided that for certain constants b n
For any sequences of constants M n → ∞, Theorem 1 provides the adaptive ratio optimality (2.21) of the GMLEB in the classes
This is a consequence of an oracle inequality for the GMLEB t n = t * Gn in Section 4.2, which uniformly bound from the above
in terms of the weak ℓ p norm of θ. The quantity (2.23) can be viewed as the regret for the minimization of the square root of the MSE, instead of (2.11). Clearly, r n,
. A more general version of Theorem 1 is given in Section 4.3.
In the EB literature, the asymptotic optimality of θ is defined as
for deterministic vectors θ ∈ R n [27, 36] . In the EB model
with data {Y i }, the EB asymptotic optimality is defined as
We call (2.21) adaptive ratio optimality since it is much stronger than both notions of asymptotic optimality in its uniformity in θ ∈ Θ * n and its focus on the harder standard of the relative error, due to R * (G n ) ≤ E n,θ L n (X, θ) = 1. The difference among these optimality properties is significant for moderate samples in view of some very small R * (G n ) ≈ Oracle/1000 in Table 1 .
Theorem 1 is location invariant, since the GMLEB is location equivariant by (2.16) and R * (G n ) is location invariant by (2.8). Thus, if θ i = b n for most i ≤ n, the GMLEB performs equally well whether b n = 0 or not. Moreover, if θ i ∈ B ∀i for a finite set B ⊂ R, the GMLEB adaptively shrinks toward the points in B [19] . This is evident in Table 1 for #{i : θ i = 7} ∈ {50, 500} with B = {0, 7}. In fact, if #{x :
Threshold methods certainly do not possess these location invariance and multiple shrinkage properties.
2.6. Adaptive minimaxity in ℓ p balls. Minimaxity is commonly used to measure the performance of statistical procedures. For Θ ⊂ R n , the minimax risk for the average squared loss (2.2) is (2.27) where the infimum is taken over all Borel mappings θ : X → R n . An estimator is minimax in a specific class Θ of unknown mean vectors if it attains R n (Θ), but this does not guarantee satisfactory performance since the minimax estimator is typically uniquely tuned to the specific set Θ. For small Θ, the minimax estimator has high risk outside Θ. For large Θ, the minimax estimator is too conservative by focusing on the worst case scenario within Θ. Adaptive minimaxity overcomes this difficulty by requiring
uniformly for a wide range of sequences {Θ n ⊂ R n , n ≥ 1} of parameter classes. Define (regular or strong) ℓ p balls as
The quantity C in (2.29), called length-normalized or standardized radius of the ℓ p ball, is denoted as η in [1, 12, 24] , where adaptive minimaxity in ℓ p balls with C = C n → 0 and p < 2 is used to measure the performance of estimators for sparse θ. The following theorem establishes the adaptive minimaxity of the GMLEB in ℓ p balls with radii C = C n in intervals diverging to (0, ∞). This covers sparse and dense θ simultaneously. Adaptive minimaxity of the GMLEB in weak ℓ p balls is discussed in Section 4.3.
Theorem 2. Let X ∼ N (θ, I n ) under P n,θ with a deterministic θ ∈ R n . Let θ = t * Gn (X) be the GMLEB in (2.15) with an approximate solution G n satisfying (2.14). Let L n (·, ·) be the average squared loss (2.2) and R n (Θ) be the minimax risk (2.27). Then, as n → ∞, the adaptive minimaxity (2.28) holds in ℓ p balls (2.29) with Θ n = Θ p,Cn,n , provided that
where κ 1 (p) = 1/2 + 4/p + 3/p 2 for p < 2, κ 1 (2) = 13/4, κ 1 (p) = 5/2 for p > 2, and κ 2 (p) = 9/2 + 4/p. Theorem 2 is a consequence of the oracle inequality in Section 4.2 and the minimax theory in [12] . An outline of this argument is given in the next section. An alternative statement of the conclusion of Theorem 2 is
where
In Section 4.3, we offer an analogues result for weak ℓ p balls. The powers κ 1 (p) and κ 2 (p) of the logarithmic factors in (2.30) and in the definition of C p,n (M ) are crude. This is further discussed in Section 6.
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Adaptive and approximate minimax estimators of the normal means in ℓ p balls have been considered in [1, 3, 12, 14, 24, 36, 38] . Donoho and Johnstone [14] proved that as (n, C n ) → (∞, 0+), with nC p n /(log n) p/2 → ∞ for p < 2,
where D is the collection of all (soft or hard) threshold rules. Therefore, adaptive minimaxity (2.28) in small ℓ p balls Θ n = Θ p,Cn,n can be achieved by threshold rules with suitable data-driven threshold levels. This has been done using the FDR [1] for (log n) 5 /n ≤ C p n ≤ n −κ with p < 2 and any κ > 0. Zhang [38] proved that (2.28) holds for the Fourier general EB estimator of [36] 
A number of estimators have been proven to possess the adaptive rate minimaxity in the sense of attaining within a bounded factor of the minimax risk. In ℓ p balls Θ p,Cn,n , the EBThresh is adaptive rate minimax for p ≤ 2 and nC p n ≥ (log n) 2 [24] , while the generalized C p is adaptive rate minimax for p < 2 and 1 ≤ O(1)nC p n [3] . It follows from [3, 38] that a hybrid between the Fourier general EB and universal soft threshold estimators is also adaptive rate minimax in Θ p,Cn,n for 1 ≤ O(1)nC p n . The adaptive minimaxity as provided in Theorem 2 unifies the adaptive minimaxity of different types estimators in different ranges of the radii C n of the ℓ p balls with the exception of the two very extreme ends, due to the crude power κ 1 (p) of the logarithmic factor for small C n and the requirement of an upper bound for large C n . The hybrid Fourier general EB estimator achieves the adaptive rate minimaxity in a wider range of ℓ p balls than what we prove here for the GMLEB. However, as we have seen in Table 1 , the finite sample performance of the GMLEB is much stronger. It seems that the less stringent and commonly considered adaptive rate minimaxity leaves too much room to provide adequate indication of finite sample performance.
2.7.
Minimax theory in ℓ p balls. Instead of the general EB approach, adaptive minimax estimation in small ℓ p balls can be achieved by threshold methods, provided that the radius is not too small. However, since (2.31) does not hold for fixed p > 0 and C ∈ (0, ∞), threshold estimators are not asymptotically minimax with Θ n = Θ p,C,n in (2.28) for fixed (p, C). Consequently, adaptive minimax estimations in small, fixed and large ℓ p balls are often treated separately in the literature. In this section, we explain the general EB approach for adaptive minimax estimation, which provides a unified treatment for ℓ p balls of different ranges of radii. This provides an outline of the proof of Theorem 2. Minimax theory in weak ℓ p balls will be discussed in Section 4.3.
We first discuss the relationship between the minimax estimation of a deterministic vector θ in ℓ p balls and the minimax estimation of a single random mean under an unknown "prior" in L p balls. For positive p and C, the L p balls of distribution functions are defined as
Since G p,C is a convex class of distributions, the minimax theorem provides
for the estimation of a single real random parameter ξ in the model (2.3), where R * (G) is the minimum Bayes risk in (2.7). Thus, since G n = G n,θ ∈ G p,C for θ ∈ Θ p,C,n , the fundamental theorem of compound decisions (2.5) implies that (2.32) dominates the compound minimax risk (2.27) in ℓ p balls:
Donoho and Johnstone [12] proved that as C p∧2 → 0+
and that for either p ≥ 2 with C n > 0 or p < 2 with nC p n /(log n) p/2 → ∞,
In the general EB approach, the aim is to find an estimator t n of t * Gn with small regret (2.11) or (2.23). If the approximation to t * Gn in risk is sufficiently accurate and uniformly within a small fraction of R(G p,Cn ) for θ ∈ Θ p,Cn,n , the maximum risk of the general EB estimator in Θ p,Cn,n would be within the same small fraction of R(G p,Cn ), since the risk of t * Gn is bounded by R * (G n,θ ) ≤ R(G p,Cn ) for θ ∈ Θ p,Cn,n . Thus, (2.35) plays a crucial role in general EB.
It follows from (2.23), (2.32) and (2.29) that
Thus, by (2.34) and (2.35), the adaptive minimaxity (2.28) of θ = t n (X) in ℓ p balls Θ n = Θ p,Cn,n is a consequence of an oracle inequality of the form sup θ∈Θ p,Cn,n r n,θ ( t n ) = o(1) J p,Cn (2.37) with J p,C = min{1, C p∧2 {1∨ (2 log(1/C p ))} (1−p/2) + }. In our proof, (2.34) and the upper bound R(G p,C ) ≤ 1 provide inf C R(G p,C )/J p,C > 0. Although J p,C provides the order of R(G p,C ) for each p via (2.34), explicit expressions of the minimax risk R n (Θ p,C,n ) for general fixed (p, C, n) or the minimax risk R(G p,C ) for fixed (p, C) with p = 2 are still open problems.
3.
A regularized Bayes estimator with a misspecified prior. In this section, we consider a fixed probability P G 0 under which
Recall [5, 28] that for the estimation of a normal mean, the Bayes rule (2.6) and its risk (2.7) can be expressed in terms of the mixture density f G (x) as
Suppose the true prior G 0 is unknown but a deterministic approximation of it, say G, is available. The Bayes formula (3.2) could still be used, but we may want to avoid dividing by a near-zero quantity. This leads to the following regularized Bayes estimator:
is the Bayes estimator for the prior G. For ρ = ∞, t * G (x; ∞) = x gives the MLE of ξ which requires no knowledge of the prior. The following proposition, proved in the Appendix, describes some analytical properties of the regularized Bayes estimator. Proposition 1. Let L(y) = − log(2πy 2 ), y ≥ 0, be the inverse function of y = ϕ(x). Then, the value of the regularized Bayes estimator t * G (x; ρ) in (3.3) is always between those of the Bayes estimator t * G (x) in (2.6) and the MLE t * G (x; ∞) = x. Moreover, for all real x
Remark 1. In [36] , a slightly different inequality
was used to derive oracle inequalities for Fourier general EB estimators. The extension to the derivative of t * G (x; ρ) here is needed for the application of the Gaussian isoperimetric inequality in Proposition 4.
The next theorem provides oracle inequalities which bound the regret of using (3.3) due to the lack of the knowledge of the true G 0 . Let
denote the Hellinger distance. The upper bounds assert that the regret is no greater than the square of the Hellinger distance between the mixture densities f G and f G 0 up to certain logarithmic factors.
Theorem 3. Suppose (3.1) holds under P G 0 . Let t * G (x; ρ) be the regularized Bayes rule in (3.3) with 0 < ρ ≤ (2πe 2 ) −1/2 . Let f G be as in (2.13).
(i) There exists a universal constant M 0 such that
, where M 0 is a universal constant.
Remark 2. For G = G 0 (3.7) becomes an identity, so that the square of the first term on the right-hand side of (3.7) represents an upper bound for the regret of using a misspecified G in the regularized Bayes estimator (3.3) instead of the true G 0 for the same regularization level ρ. Under the additional tail probability condition on G 0 and for sufficiently small ρ, (3.8) provides an upper bound for the regret of not knowing G 0 , compared with the Bayes estimator (3.2) with the true G = G 0 .
Remark 3.
Since the second term on the right-hand side of (3.7) is increasing in ρ and the first is logarithmic in 1/ρ, we are allowed to take ρ > 0 of much smaller order than d(f G , f G 0 ) in (3.7), for example, under moment conditions on G 0 . Still, the cubic power of the logarithmic factors in (3.7) and (3.8) is crude.
The following lemma plays a crucial role in the proof of Theorem 3. Lemma 1. Let d(f, g) be as in (3.6) and L(y) = − log(2πy 2 ). Then,
Proof of Theorem 3. Let
is the Bayes rule, by (3.3)
Thus, (3.7) follows from (3.10) and (3.9). To prove (3.8) we use Lemma 6.1 in [38] :
. This and (3.7) imply (3.8).
4. An oracle inequality for the GMLEB. In this section, we provide an oracle inequality which bound the regret (2.23) and thus (2.11) of using the GMLEB t * Gn in (2.15) against the oracle Bayes rule t * Gn in (2.8). We provide the main elements leading to the oracle inequality in Section 4.1 before presenting the oracle inequality and an outline of its proof in Section 4.2. Section 4.3 discusses the consequences of the oracle inequality, including a sharper version of Theorem 1 and the adaptive minimaxity in weak ℓ p balls.
4.1.
Elements leading to the oracle inequality. It follows from the fundamental theorem of compound decisions (2.5) that for separable estimators θ = t(X), the compound risk is identical to the MSE of ξ = t(Y ) for the estimation of a single real random parameter ξ under P G in (2.3), so that Theorem 3 provides an upper bound for the regret of the regularized Bayes rule t * G (X; ρ) in terms of the Hellinger distance d(f G , f Gn ) and ρ > 0. We have proved in [39] a large deviation upper bound for the Hellinger distance d(f Gn , f Gn ). We will show that the GMLEB estimator t * Gn (X) is identical to its regularized version t * Gn (X; ρ n ) for certain | log ρ n | ≍ log n when the generalized MLE (2.12) or its approximation (2.14) are used. Still, t * Gn (X; ρ n ) is not separable, since the generalized MLE G n is based on the same data X. A natural approach of deriving oracle inequalities is then to combine Theorem 3 with a maximal inequality. This requires in addition an entropy bound for the class of regularized Bayes rules t * G (x; ρ) with given ρ > 0 and an exponential inequality for the difference between the loss and risk for each regularized Bayes rule. In the rest of this section, we provide these crucial components of our theoretical investigation. [20] obtained an exponential inequality for the Hellinger loss of the generalized MLE of a normal mixture density in terms of the L ∞ norm of θ i . This result can be improved upon using their newer entropy calculation in [21] . The results in [20, 21] are unified and further improved upon in the i.i.d. case and extended to deterministic θ = (θ 1 , . . . , θ n ) in weak ℓ p balls for all 0 < p ≤ ∞ in [39] . This latest result, stated below as Theorem 4, will be used here in conjunction of Theorem 3 to prove oracle inequalities for the GMLEB.
The pth weak moment of a distribution G is
with µ w ∞ (G) = inf{x : |u|>x G(du) = 0}. Define convergence rates ε(n, G, p) = max[ 2 log n, {n 1/p log nµ
Theorem 4. Let X ∼ N (θ, I n ) under P n,θ with a deterministic θ ∈ R n . Let f G and G n be as in (2.13) and (2.4), respectively. Let G n be a certain approximate generalized MLE satisfying (2.14). Then, there exists a universal constant x * such that for all x ≥ x * and log n ≥ 2/p,
where ε n = ε(n, G n , p) is as in (4.2) and d(f, g) is the Hellinger distance (3.6). In particular, for any sequences of constants M n → ∞ and fixed positive α and c,
and p ≍ log n.
Remark 4.
Under the condition G([−M n , M n ]) = 1 and the i.i.d. assumption (2.25) with G depending on n, the large deviation bound in [20] provides the convergence rate ε n ≍ n −1/2 (log n) 1/2 {M n ∨ (log n) 1/2 }, and the entropy calculation in [21] leads to the convergence rate ε n ≍ n −1/2 (log n) √ M n . These rates are slower than the rate in Theorem 4 when M n / √ log n → ∞.
Remark 5. The proof of Theorem 4 is identical for the generalized MLE (2.12) and its approximation (2.14). The constant x * is universal for q n = (e √ 2π/n 2 ) ∧ 1 in (2.14) and depends on sup n | log q n |/ log n in general.
4.1.2.
Representation of the GMLEB estimator as a regularized one at data points. The connection between the GMLEB estimator (2.15) and the regularized Bayes rule (3.3) in Theorem 3 is provided by
where q n is as in (2.14) . This is a consequence of the following proposition. Proposition 2. Let f (x|u) be a given family of densities and {X i , i ≤ n} be given data. Let G n be an approximate generalized MLE of a mixing distribution satisfying
In particular, (4.4) holds for f (x|u) = ϕ(x − u).
Proof. Let j be fixed and u j = arg max f (X j |u). Define G n,j = (1 − ε) G n + εδ u j with ε = 1/n, where δ u is the unit mass at u. Since f (x|u) ≥ 0,
Thus, f Gn (X j ) ≥ q n (1 − ε) n−1 εf (X j |u j ) with ε = 1/n, after the cancellation of f G (X i ) for i = j. The conclusion follows from (1 − 1/n) n−1 ≥ 1/e.
An entropy bound for regularized Bayes rules.
We now provide an entropy bound for collections of regularized Bayes rules. For any family H of functions and semidistance d 0 , the ε-covering number is
with Ball(h, ε, d 0 ) = {f : d 0 (f, h) < ε}. For each fixed ρ > 0 define the complete collection of the regularized Bayes rules t * G (x; ρ) in (3.3) as
where G is the family of all distribution functions. The following proposition, proved in the Appendix, provides an entropy bound for (4.6) under the seminorm h ∞,M = sup |x|≤M |h(x)|. Proposition 3. Let L(y) = − log(2πy 2 ) be the inverse of y = ϕ(x) as in Proposition 1. Then, for all 0
4.1.4. An exponential inequality for the loss of regularized Bayes rules. The last element of our proof is an exponential inequality for the difference between the loss and risk of regularized Bayes rules t * G (X; ρ). For each separable rule t(x), the squared loss t(X) − θ 2 is a sum of independent variables. However, a direct application of the empirical process theory to the loss would yield an oracle inequality of the n −1/2 order, which is inadequate for the sharper convergence rates in this paper. Thus, we use the following isoperimetric inequality for the square root of the loss. Proposition 4. Suppose X ∼ N (θ, I n ) under P n,θ . Let t G (x; ρ) be the regularized Bayes rule as in (3.3), with a deterministic distribution G and
.
Thus, h(x)/ L 2 (ρ) has the unit Lipschitz norm. The conclusion follows from the Gaussian isoperimetric inequality [4] . See page 439 of [34] .
4.
2. An oracle inequality. Our oracle inequality for the GMLEB, stated in Theorem 5 below, is a key result of this paper from a mathematical point of view. It builds upon Theorems 3 and 4 and Propositions 2, 3 and 4 (the regularized Bayes rules with misspecified prior, generalized MLE of normal mixtures, representation of the GMLEB, entropy bounds and Gaussian concentration inequality) and leads to adaptive ratio optimality and minimax theorems more general than Theorems 1 and 2.
Theorem 5. Let X ∼ N (θ, I n ) under P n,θ with a deterministic θ ∈ R n as in (2.1). Let L n (·, ·) be the average squared loss in (2.2) and 0 < p ≤ ∞. Let t * Gn (X) be the GMLEB estimator (2.15) with an approximate generalized MLE G n satisfying (2.14). Then, there exists a universal constant M 0 such that for all log n ≥ 2/p,
where R * (G n ) is the minimum risk of all separable estimators as in (2.8) with G n = G n,θ as in (2.4), and ε n = ε(n, G n , p) is as in (4.2). In particular, for any sequences of constants M n → ∞ and fixed positive α and c,
Remark 6. In the proof of Theorem 5, applications of Theorems 3 and 4 resulted in the leading term for the upper bound in (4.18), while the contributions of other parts of the proof are of smaller order.
Remark 7. The M 0 in (4.8) is universal for q n = (e √ 2π/n 2 ) ∧ 1 in (2.14) and depends on sup n | log q n |/ log n in general.
The consequences of Theorem 5 upon the adaptive ratio optimality and minimaxity of the GMLEB are discussed in the next section. Here is an outline of its proof. The large deviation inequality in Theorem 4 and the representation of the GMLEB in (4.4) imply that
|, so that Theorem 4 provides an upper bound for E n,θ ζ 2 1n . By the entropy bound in Proposition 3, there exists a finite collection of distributions {H j , j ≤ N } of manageable size N such that
is small and d(f H j , f Gn ) ≤ x * ε n for all j ≤ N . Since the regularized Bayes rules t * H j (X; ρ n ) are separable and the collection {H j , j ≤ N } is of manageable size, the large deviation inequality in Proposition 4 implies that
is no greater than O(x * ε n )(log ρ n ) 3/2 , where R * (G n ) is the general EB benchmark risk in (2.8). Finally, upper bounds for individual pieces E n,θ ζ 2 jn are put together via .13) 4.3. Adaptive ratio optimality and minimaxity. We discuss here the optimality properties of the GMLEB as consequences of the oracle inequality in Theorem 5.
Theorem 5 immediately implies the adaptive ratio optimality (2.21) of the GMLEB in the classes Θ * n = Θ * n (M n ) for any sequences of constants M n → ∞, where
with G n,θ = G n as in (2.4) and ε(n, G, p) as in (4.2) . This is formally stated in the theorem below.
Theorem 6. Let X ∼ N (θ, I n ) under P n,θ with a deterministic θ ∈ R n . Let t * Gn (X) be the GMLEB estimator (2.15) with the approximate MLE G n in (2.14). Let R * (G n,θ ) be the general EB benchmark in (2.8) with the distribution G n = G n,θ in (2.4). Then, for the classes Θ * n (M ) in (4.14), lim
Remark 8. Since the minimum of ε(n, G n,θ , p) is taken in (4.14) over p ≥ 2/ log n for each θ, the adaptive ratio optimality (4.15) allows smaller R * (G n,θ ) than simply using ε(n, G n,θ , ∞) does as in Theorem 1. Thus, Theorem 6 implies Theorem 1.
Another main consequence of the oracle inequality in Theorem 5 is the adaptive minimaxity (2.28) of the GMLEB for a broad range of sequences Θ n ∈ R n . We have stated our results for regular ℓ p balls in Theorem 2. In the rest of the section, we consider weak ℓ p balls
where G n,θ is the empirical distribution of the components of θ and the functional µ w p (G) is the weak moment in (4.1). Alternatively, Theorem 7. Let X ∼ N (θ, I n ) under P n,θ with a deterministic θ ∈ R n . Let L n (·, ·) be the average squared loss (2.2) and R n (Θ) be the minimax risk (2.27) . Then, for all approximate solutions G n satisfying (2.14), the GMLEB θ = t * Gn (X) is adaptive minimax (2.28) in the weak ℓ p balls Θ n = Θ w p,Cn,n in (4.16), provided that the radii C n are within the range (2.30).
Here is our argument. The weak L p ball that matches (4.16) is
which is approximately the Bayes risk of the soft-threshold estimator for the stochastically largest Pareto prior in G p,C . Let λ p,C = 1 ∨ {2 log(1/C p∧2 )}. Johnstone [23] proved that
for p > 2 with C n → C+ ≥ 0 and for p ≤ 2 with nC p n /(log n) 1+6/p → ∞,
The combination of their results implies (4.17) for p ≤ 2 and C p n ≥ (log n) 5 /n. Therefore, (4.17) holds under (2.30) due to pk 1 (p) = p/2 + 4 + 3/p > 5 for p < 2. As in Section 2.7, sup θ∈Θ w p,Cn,n r n,θ ( t n ) = o(1) J p,Cn (4.18) as in (2.37), due to J p,Cn ≍ R(G p,Cn ) ≤ R(G w p,Cn ).
More simulation results.
In addition to the simulation results reported in Section 2.4, we conducted more experiments to explore a larger sample size, sparse unknown means without exact zero, and i.i.d. unknown means from normal priors. The results for the nine statistical procedures and the oracle rule t * Gn (X) for the general EB are reported in Tables 2-4 , in the same format as Table 1 . Each entry is based on an average of 100 replications. In each column, boldface entries indicate top three performers other than the hybrid estimator or the oracle. Two columns with µ = 4 are dropped to fit the tables in.
In Table 2 we report simulation results for n = 4000. Compared with Table 1 , F-GEB replaces EBThresh as a distant third top performer in the moderately sparse case of #{i : θ i = µ} = 200, and almost the same sets of estimators prevail as top performers in other columns. Since the collections of G n are identical in Tables 1 and 2 , the average squared loss θ − θ 2 /n should decrease in n to indicate convergence to the oracle risks for each estimator in each model, but this is not the case in entries in italics. In Table 3 , we report simulation results for sparse mean vectors without exact zero. It turns out that adding uniform [−0.2, 0.2] perturbations to θ i does not change the results much, compared with Table 1 .
In Table 4 , we report simulation results for i.i.d. θ i ∼ N (µ, σ 2 ). This is the parametric model in which the (oracle) Bayes estimators are linear. Indeed, the James-Stein estimator is the top performer throughout all the columns and tracks the oracle risk extremely well, while the GMLEB is not so far behind. It is interesting that for σ 2 = 40, the EBThresh and SURE outperform GMLEB as they approximate the naive θ = X with diminishing threshold levels. Another interesting phenomenon is the disappearance of the advantage of the S-GMLEB over the GMLEB, as the unknowns are no longer sparse.
6. Discussion. In this section, we discuss general EB with kernel estimates of the oracle Bayes rule, sure computation of an approximate generalized MLE and a number of additional issues. 6.1. Kernel methods. General EB estimators of the mean vector θ can be directly derived from the formula (3.2) using the kernel method
This was done in [36] with the Fourier kernel K(x) = (sin x)/(πx) and √ 2 log n ≤ a n ≍ √ log n. The main rationale for using the Fourier kernel is the near optimal convergence rate of f n − f Gn = O( (log n)/n) and f ′ n − f ′ Gn = O((log n)/ √ n), uniformly in θ. However, since the relationship between f ′ n (x) and f n (x) is not as trackable as in the case of generalized MLE f Gn , a much higher regularization level ρ n ≍ (log n)/n in (6.1) were used [36, 38] to justify the theoretical results. This could be an explanation for the poor performance of the Fourier general EB estimator for very sparse θ in our simulations. From this point of view, the GMLEB is much more appealing since its estimating function retains all analytic properties of the Bayes rule. Consequently, the GMLEB requires no regularization for the adaptive ratio optimality and adaptive minimaxity in our theorems. Brown and Greenshtein [6] have studied (6.1) with the normal kernel K(x) = ϕ(x) and possibly different bandwidth 1/a n , and have proved the adaptive ratio optimality (2.21) of their estimator when θ ∞ and R * (G n,θ ) have certain different polynomial orders. The estimating function t n (x) with the normal kernel, compared with the Fourier kernel, behaves more like the regularized Bayes rule (3.3) analytically with the positivity of f n (x) and more trackable relationship between f ′ n (x) and f n (x). Still, it is unclear without some basic properties of the Bayes rule in Proposition 1 and Theorem 3, it is unclear if the kernel methods of the form (6.1) would possess as strong theoretical properties as in Theorems 1, 2, 5, 6 and 7 or perform as well as the GMLEB for moderate samples in simulations [6] .
6.2. Sure computation of an approximate general MLE. We present a conservative data-driven criterion to guarantee (2.14) with the EM-algorithm. This provides a definitive way of computing the map from {X i } to G in (2.14) and then to the GMLEB via (2.18).
Set u 1 = min 1≤i≤n X i , u m = max 1≤i≤n X i , and 
Heuristically, smaller m provides larger min j w (k) j and faster convergence of the EM-algorithm, so that the "best choice" of m is
For max i |X i | ≍ √ log n, this ensures the first condition of Proposition 5 with m ≍ (log n) √ n and ε ≍ (n log n) −1/2 . Proposition 5 is proved via the smoothness of the normal density and Cover's upper bound [10, 35] for the maximum likelihood in finite mixture models. 6.3. Additional remarks. A crucial element for the theoretical results in this paper is the oracle inequality for the regularized Bayes estimator with misspecified prior, as stated in Theorem 3. However, we do not believe that mathematical induction is sharp in the argument with higher and higher order of differentiation in the proof of Lemma 1. Consequently, the power κ 1 in Theorems 2 and 7 is larger than its counterpart more directly established for threshold estimators [1, 24] . Still, the GMLEB performs as well as any threshold estimators in our simulations for the most sparse mean vectors. As expected, the gain of the GMLEB is huge against the James-Stein estimator for sparse means and against threshold estimators for dense means.
It is interesting to observe in Tables 1-3 that the simulated ℓ 2 risk for the GMLEB sometimes dips well below the benchmark n i=1 θ 2 i ∧ 1 = #{i ≤ n : θ i = 0} for the oracle hard threshold rule θ i = X i I{|θ i | ≤ 1} [18] , while the simulated ℓ 2 risk for threshold estimators is always above that benchmark.
An important consequence of our results is the adaptive minimaxity and other optimality properties of the GMLEB approach to nonparametric regression under suitable smoothness conditions. For example, applications of the GMLEB estimator to the observed wavelet coefficients at individual resolution levels yield adaptive exact minimaxity in all Basov balls as in [38] .
The adaptive minimaxity (2.28) in Theorems 2 and 7 is uniform in the radii C for fixed shape p. A minimax theory for (weak) ℓ p balls uniform in (p, C) can be developed by careful combination and improvement of the proofs in [12, 23, 38] . Since the oracle inequality (4.8) is uniform in p, uniform adaptive minimaxity in both p and C is in principle attainable for the GMLEB.
The theoretical results in this paper are all stated for deterministic θ = (θ 1 , . . . , θ n ). By either mild modifications of the proofs here or conditioning on the unknowns, analogues versions of our theorems can be established for the estimation of i.i.d. means {ξ i } in the EB model (2.25). Other possible directions of extension of the results in this paper are the cases of X i ∼ N (θ i , σ 2 n ) via scale change, with known σ 2 n or an independent consistent estimate of σ 2 n , and X i ∼ N (θ i , σ 2 i ) with known σ 2 i .
APPENDIX
Here we prove Proposition 1, Lemma 1, Proposition 3, Theorems 5, 2 and 7, and then Proposition 5. We need one more lemma for the proof of Proposition 1. Throughout this appendix, ⌊x⌋ denotes the greatest integer lower bound of x, and ⌈x⌉ denotes the smallest integer upper bound of x.
Lemma A.1. Let f G (x) be as in (2.13) and L(y) as in Proposition 1. Then,
Proof. Since Y |ξ ∼ N (ξ, 1) and ξ ∼ G under P G , by (3.2) f
This gives the first inequality of (A.1). The second inequality of (A.1) follows from Jensen's inequality: for h(x) = e x/2
This completes the proof.
Proof of Proposition 1. Since f G (x) = ϕ(x − u)G(du) ≥ 0, the value of (3.3) is always between t * G (x) and x. By Lemma A.1
for ρ ≤ (2πe) −1/2 , since L(y) is decreasing in y 2 and y 2 L 2 (y) is increasing in y 2 ≤ 1/(2πe). Similarly, the second line of (3.4) follows from Lemma A.1 and ∂t * G (x; ρ) ∂x
Note that L(f G (x)) ≤ L(ρ) for f G (x) ≥ ρ, and for f G (x) < ρ ≤ (2πe 3 ) −1/2
due to the monotonicity of y{ L 2 (y) − 1} in 0 ≤ y ≤ (2πe 3 ) −1/2 .
Proof of Lemma 1. Let D = d/dx. We first prove that for all integers k ≥ 0 and a ≥ √ 2k − 1,
Let h * (u) = e iux h(x) dx for all integrable h. Since |f * G (u)| ≤ ϕ * (u) = e −u 2 /2 , it follows from the Plancherel identity that due to c 0 ≤ a −1 u>a ue −u 2 du = e −a 2 /(2a). Since f G (x) ≤ 1/ √ 2π,
The combination of the above inequalities yields (A.2). Define w * = 1/(f G ∨ ρ + f G 0 ∨ ρ) and ∆ k = ( {D k (f G − f G 0 )} 2 w * ) 1/2 . Integrating by parts, we find
Since |(Dw * )(x)| ≤ 2 L(ρ)w * (x) by Proposition 1, Cauchy-Schwarz gives
Let k 0 be a nonnegative integer satisfying k 0 ≤ L 2 (ρ)/2 < k 0 + 1. Define k * = min{k : ∆ k+1 ≤ k 0 2 L(ρ)∆ k }. For k < k * , we have ∆ 2 k ≤ (1 + 1/k 0 )∆ k−1 ∆ k+1 , so that for k * ≤ k 0 ,
To bound ∆ k 0 +1 by (A.2), we pick the constant a > 0 with the a 2 in (3.9), so that a 2 ≥ 2(k 0 + 1/2) and e −a 2 ≤ d 2 (f G , f G 0 ). Since w * ≤ 1/(2ρ), an application of (A.2) with this a gives
